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Simple and Uniform Method of Obtaining 
Taylor's, Cayley's, and Lagrange's Series. 

By J. 0. Glashan, Ottawa, Oanada. 



In a short note in the American Journal of Mathematics, Vol. I, p. 287, 
I have given Taylor's Theorem under the form ■ 

f{x + a) = (l—JJdM-j-^ fx. 

I find that although this form is excellent as a merely symbolic notation, the 

(/»a ^ V — 1 

1 — / da- -^j introduces some obscurity in the reasoning if employed 

in obtaining the theorem, I therefore propose to show the real method adopted 
in the note and to apply it to obtain Lagrange's Series. 

Taylor's Theorem. Let x and a be independent variables, and fy , f'y , 
f^y be continuous from y=^xtoy=^x-{-a. 

^^^*^® ^-^^^ + «) = -^fi^ + a) = /(a; + a) , 

^ daf {x + a) 
= f^+£^ \fx+£d<if'{x + a) j- 
= /x + -j/'a; + J^ daj^da/"{x + a) 



= fx + \fx -H . . + -~^, r-^x+ (^£da Jrix + a) 
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Oayhy^s Theorem. Let x , a^, ax, a^, be independent variables, 

and f^{y + ^m+i + '^m+a +.....) be continuous from y z=. x io 2/ = 
35 + «o + tti + • • • + «m > foJ^ 3,11 integral values of m from m = to «i := w in- 
clusive, 

^^^^^ ^*^(^ + ^«+ ) = d(^;T^/(* + ^« + ^^ + • • •)= 

= ^/('^ + «o + • • • . )= /' (a^ + <^o + «1 + • • • ) ' 

.'. /(a; + ao + «i + • • .)=/(»'+ «^i + <*a + • • • • ) + Jo "^«o/(a'+«^o+«i+- • •) 
=/(fl3 + ai +%+... ) 

^ (fo^o -j /' (a; + «2 H- • • • ) + J ^ ^(«o + ^O/'Xa' + tto + ai + . . .) J 

= /(a; + Oi + a^ + ....) + ^/'{^ + a, + . . . . ) 

^ tZaoJo <^(«o + «i)/" (x + ao + ai + . . . ) 



:/(a; + ai + «a + . • • -)+ -^-fi^ -^ ^fi -^ ) + 



in which 

Lt/o ^^ J ^ =Jo ^^Vo <^(«o+ai) • • -J, (?(ao+ai + . • • + a„_i) CT; 

and [«]"■ = w! / (fe == the result of retaining only those terms of the ex- 
pansion of (tto + % + + a„ _ 1)" of the form 

(7aS(ai + a2+ . . . + aj^(a„ + i + aa + 2 + • • • + «a + p)^ 

which = the result of rejecting all terms of the same expansion, of the form 



12 



in which n„_i> 1, n„_^ + w„_i> 2,....% + W8+.... + w„_i >w — 1 
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Writing a? for a; + ao + % + > the theorem becomes 



Let ^al'^^the result of retaining only those terms of the expansion of 
(^o + «i + 02 + + o»-i)" of the form 

Galaial^^ 

o. B Y 
and affecting each term with the sign ( — 1)»-'™ where m==- — + "0""' ^ • ••' 

and the theorem may be written 
/«,=:/(a,-ao) + ifl^/ («;-%) + . . . . ■ + ^z^^-'i^ - <^n-i) -^ B ■ 

At the time of the publication of the above theorem in my note entitled 
An Extension of Taylor's Theorem, (Vol. I, p. 287,) I believed it to be new, but 
the following note published in Qimrt. Jcmrn. Math., XIV., 53 (two years before 
mine), shows the theorem had been given long before by Professor Cayley. 

"I wish to put on record the following theorem, given by me as a Senate- 
House Problem, January, 1851. 

If |a + /? + 7. . .|^ denote the expansion of (a +/? + /• • -Y, retaining 
those terms Naf^'^y" . . . only in which 

h-{-c + d. . .>i> — 1, G-\rd. . .>jp — 2, &c., &c., 
then 

£c» = (»+ aY — n{a}\x-{-a-\-^y-'+^n{n—l){a-\-(3l'{x-{-a-\-^-\-yY-' 

- ~n{n~l) (n — 2) {a-\- ^ -\-yl'(x-\- a-\- ^ -\-y -h^f-' -\- &c. 

The theorem, in a somewhat different and imperfectly stated form, is given, 
Burg, Orelle, 1. 1. (1826), p. 368, as a generalization of Abel's theorem 

{x + aT = X- -j- naix -h ^y-' -\- ^ n(n-l)aia-2fi) {x -{- 2^f-' 

+ l-n{n-l){n-2)a{a- S^f {x + 3^)« - ' + &c." 
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Professor Oayley's proof of this theorem, which we have taken the liberty 
to call by his name, is given in Solutions of the Cambridge Senate-House Problems, 
1848-1851, pp. 94-96. 

Lagrange's Theorem. Let x and a be independent variables, w = cc + a^u , 
and fu , f'u f"u continuous from u = xtou=x-\- a^u . 



mi dfu dfu ,, du 

^^^"^ 'd^=^''d^= ^""-^ ^" -d^ ' 

whence fu=. fx -\- J da ( }, ) 

— fx+J^du^ 1>uf'u-£ I 

= fx+£da[^xfx-^X''da I ^(^ufu -^) | ] 

=/«. + ^ ^xfx + {£^)~ I {^W 



du 
dx 



It may be noticed in this connection that Lagrange's Series can, like 
Taylor's Theorem, be obtained by integration by parts, and that the remainder 
can be obtained in the form of a definite integral, thus : — 

Let x , a and a be independent variables, and 

u=-x-{- a^u , V = X -{- {a — a)^v . 

Then -=»Fv = Fx, '^-<>Fv = Fu, 

dFv dFv 1 d { , .„ dfv ) d i , .,, dfv ) 

Therefore fx — fu=^ I dai-x-fvj 

fu=fx-\-£d<,(^.-^) 
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Integrating by parts, 

Similarly 

.•: fu=z fx +-^ ^x . fx + ^ ~ ^ {^xffx j- + 

This form of the remainder cori-esponds to that of Taylor's Theorem ob- 
tained by integration by parts. (See also xxi of the article following this, 
entitled Forms of Bolle's Theorem.) This form can easily be reduced to that 
obtained by Zolotareff's method, (WilMamson's Integral Gahulus, 3d edition, 
p. 169),- thus : 

SM'^" ay { i^")'^'^ I ]= a)T<^ { (^-^^y^f ^ \ 

= (^)"X"* I («.t"+^-'')-A I • 

P. S. — I find that a form for the remainder in Lagrange's Series was given 
by Schlomilch, Lmuville, III^, 390, (1858.) 

Vol. IV. 



